In this talk, we will deal mainly with the inequality Remark. The necessary and su cient condition changes slightly if we consider other boundary conditions from (1) and more substantially if we assume that q < p. M 0 \ M 1 = ; i.e., M 1 = f0; 1; : : : ; k ? 1g n M 0 ] for (a; b) = (0; 1). For the particular case 1 < p q < 1 and M 0 6 = ;; M 1 6 = ;; the necessary and su cient conditions for (H k ) to hold for every u 2 AC k?1 (0; 1; M 0 ; M 1 ) with M 0 , M 1 satisfying the P olya condition (6) and conditions (5) and (7) with certain non-negative integers 1 , 1 , 1 , 1 , 2 , 2 , 2 , 2 , which are de ned by the following procedure:
Suppose that the set f0; 1; : : : ; k ?1g is split into s successive groups G 1 , G 2 , : : : , G s (s 2) according to the following scheme: G 1 =f0; 1; : : : ; k 1 ? 1g; k 1 > 0; G 2 =fk 1 ; k 1 + 1; : : : ; k 1 + k 2 ? 1g; k 2 > 0; G 3 =fk 1 + k 2 ; k 1 + k 2 + 1; : : : ; k 1 + k 2 + k 3 ? 1g; k 3 > 0;
: : : G s =fk 1 + k 2 + + k s?1 ; : : : ; k ? 1g;
i.e., the group G i contains k i elements (i = 1; 2; : : : ; s) with k i > 0 and k 1 + k 2 + + k s = k. The functions B i (x) from (9) are closely related to the function B(x) from (3). Using the necessary and su cient condition for k = 1 in the case p > q; we can again formulate necessary and su cient conditions even for k > 1. The proof follows the same lines as the one in St] for (a; b) = (0; 1). The case M 0 = ;, M 1 = f0; 1; : : : ; k ? 1g can be again solved by using the substitution t 7 ! 1 ? t. 6 The proof of the result mentioned in 5 for M 0 , M 1 satisfying (5), (7) and, moreover, M 0 6 = ;, M 1 6 = ;, can be found in K] . If (7) (1) = 0 for j 2 M 1 :
Since it can be shown that the kernels K i (x; t) are equivalent to the product x i (1 ? x) i t i (1 ? t) i , the result follows by using the ( rst order) Hardy inequality. For details see K] and Si]. Remark. The above-mentioned necessary and su cient conditions concern only the case 1 < p q < 1, but obviously, they can be modi ed to the case p > q; 0 < q < 1; 1 < p < 1; and also to the \limiting" cases p = 1 and p, q = 1, using the corresponding modi ed conditions for the ( rst order) Hardy inequality. (ii) Another possibility how to make inequality (H k ) meaningful is to replace the boundary conditions (4) where only single derivatives appear, by conditions expressed by a combination of derivatives. E.g., for k = 2, we can consider functions u 2 K 2 that satisfy mixed boundary conditions of the form u(0) + u 0 (0) = 0; j j + j j > 0; (11) u(1) + u 0 (1) = 0; j j + j j > 0:
Of course, for bigger integers k, the situation becomes more complicated.
A general approach is still an open problem.
For illustration, let us consider two special cases of the conditions (11):
(ii-1) If we consider functions u 2 K 2 which satisfy u(0) = 0; u(1) ? u 0 (1) = 0
i.e., we take = 1, = 0, = 0, = ?1 in (11)], then it can be shown that for such functions the Hardy inequality (H 2 ) cannot hold.
(ii-2) If we consider functions u 2 K 2 which satisfy u 0 (0) = 0; u(1) ? u 0 (1) = 0
i.e., we take = 0, = = ? = 1 in (11)], then the Hardy inequality (H 2 ) with 1 < p q < 1 holds for such functions if and only if (8) The rst problem which occurs is how to understand the right hand side of (H ) and the left hand side of (H ) . Since, for the non-weighted case, the \fractional order " expression J p (w) = As a particular case, we obtain (16) with w 0 (x) = x ? p , w (x) = x provided that ? p > ?1.
In KP], inequalities of the type (H ) and (H ) have been treated also via interpolation theory. Recently, H. P. Heinig, A. Kufner and L. E. Persson have derived some slightly more general results including, e.g., more complicated weight functions. These results will be published separately, therefore, let us only mention one result:
The inequality (H ) holds for p = q with the right hand side according to The following problems connected with fractional order Hardy inequalities are still open:
(i) All conditions guaranteeing the validity of (H ) are only su cient.
(ii) Mostly, only the case p = q is solved, whereas for p < q, only partial results involving mixed norms on the right hand side are available.
